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Abstract

| present a general theorem on preference aggregation. This theorem implies,
as corollaries, Arrow’s Impaosshility Theorem, Wilson's extension o
Arrow’'s to nonParetian aggregation rules, the Gibbard-Satterthwaite
Theorem and Sen’ s result on the Impossbility of a Paretian Liberal.

The theorem shows that these dasdcal results are not only similar, bu
adually share a ommon roat.

The theorem expresses a simple but deep fad that transcends each o its
particular applicaions: it expresss the tension between decentralizing the
choice of aggregate into partial choices based on peferences over pairs of
aternatives, and the need for some @ordination in these decisions, so as to

avoid contradictory recommendations.

" This paper is based on the second part of my invited ledure & the 5" meeing of the Social Choice and
Welfare Society (Alicante, June 29 - July 2, 2000. | am grateful to Jean Fraysse, Cristina Rata, and espedally
to Carmen Bevia and Matthew Jadkson for their comments and help.



1. Introduction

| present a general theorem on preference aggregation. The substance of the theorem is to
exhibit the tension ketween two general principles. One principle would consider the
posshility of decomposing the dhoice of a social aggregate into a set of partial decisions,
ead one based onpairwise cmparisons of alternatives. The other principle would require
that no agent plays a dominant role in the aggregation process | show that, in the presence
of some other requirements, decomposable rules can orly avoid contradictory
recommendations in the presence of the strongest coordination device: a single agent being
determinant at all times on all aspeds of the global dedsion.

The theorem implies, as corollaries, Arrow's Impaosshbility Theorem, Wilson's extension d
Arrow's theorem to nonParetian aggregation rules, the Gibbard-Satterthwaite Theorem and
Sen's result on the Impaosshbility of a Paretian Liberal. Hence, ore contribution d the paper
isto provide a @mmon framework that includes as particular cases al the different classes
of aggregation rules that these dassc theorems refer to. This allows us to understand the
many conredions that had aready been naed among the substance and also among the
proofs of these different results. In particular, it clarifies that the cnnedions between
Arrow's and Gibbard's results go degoer than any paralelism in their proofs; bath come
from a common roat. It aso alows us to nde the intimate wnnedion between ather
results, like Arrow's and Sen's, which had passed lessnaticed.

Arrow’s and Wilson's theorems consider social welfare functions. The Gibbard-
Satterthwaite theorem applies to social choice functions, and Sen’s result is expressd for
social dedsion functions. All of these functions have acommon damain: the profiles of
individual preferences on some set of aternatives. All of them map these profil es into some
type of related ojed, which we call an aggregate. Aggregates are different objects in eah
of these formulations. In Arrow’s and Wilson's framework, an aggregate is a preference
order satisfying the same properties that are required from individual preferences. In Sen’'s
formulation, an aggregate is an acyclic binary relation (thus not necessarily transiti ve when
socia indifferences are dlowed). In the context where the Gibbard-Satterthwaite theorem
applies, aggregates are simply alternatives.

My theorem refers to preference aggregation rules. These are functions which map profil es
of preferences on alternatives into some set of unspecified oljects, to be cdled, aggregates.
They include dl of the dove & edal cases. Spedficdly, the theorem concentrates on the
class of preference aggregation rules that | cdl locd. All of the dasdcd results | have
mentioned refer to speda cases of locd aggregation. It is thus important to clarify the
concept immediately.

Loca aggregation rules are based on the idea that different parts of the information
contained in preference profiles can be used in making partial choices among aggregates,
and that these partial choices eventually determine the one aggregate which corresponds to
eat profile. Not al preference aggregation rules admit a description in these terms, bu



many do. Formal definitions come in Sedion 2, bu we shoud dscuss immediately the
meaning of locd aggregation.

When given an aggregation rule, it may be hard to find ou what is the dgorithm, the
procedure or the set of considerations which lead to associate acertain aggregate to a given
preference profile. But here is one possble way to do it, which charaderizes locd
aggregation: (1) First, identify some pieces of information that will be considered relevant.
In our formulation d locd rules, we'll consider that the set of comparisons made by the
agents between each pair of aternatives are the pieces of relevant information. (2) Second,
asciate aset of aggregates to ead piece of relevant information. We can consider this st
as the wlledion d aggregates that are admissble, given the information at hand. For
example, if aggregators are binary relations, (like those we obtain from mgjority rule), we
can asciate to each set of individual comparisons between x and y the set of al binary
relations which rank x as preferred to y, or the set of al those which rank y over x. As
ancther example, consider social choice functions, which aggregate preferences and choose
one dternative to be the aggregate. In that case, a local rule muld associate a set of
aternatives to each piece of relevant information, and interpret that the dementsin each of
these sets are the potential aggregates whase dhoice is not preduded by the information
avail able. (3) Third, describe the socia aggregate & the result of combining the use of all
the relevant pieces of information. Spedfically, the diosen aggregate shoud be the one
(and ony one, in ou formulation), which belongs to al the sets of non-excluded aggregates
obtained from using al the available pieces of relevant information. They can be abinary
relation, oliained as the intersedion o sets of binary relations, or an alternative, resulting
from interseding sets of alternatives, or any other abstract objed which belongs to the
intersedion d sets of objectsin the relevant classof aggregates.

More spedficdly, the theorem is abou locd and restricted aggregation rules. As arealy
pointed ou, the aygregates obtained from alocd rule can be described as combinations of
objeds that satisfy some features, bu not al combinations of features are necessarily
aaceptable to form an aggregate. For example, the feaure of ranking x over y is acceptable
for aggregates which are orders. So isranking y over z. And so is ranking z over x. These
three feaures would be compatible if the binary relation which results from aggregation
was nat restricted any further, as with majority rule. But the three feaures together cannat
be met by an aggregate binary relation, if we further require this relation to satisfy
transitivity, as Arrow or Wilson do, @ acyclicity, asin Sen. Similarly, admissble feaures
of an aggregate in the Gibbard-Satterthwaite setting are that the aggregate is nat x, that it is
not y, and so on,for any posshle dternative. But the union d al these features canna be
met by any aggregate, because only the empty set, which is not an acceptable aggregate,
can med them all. Again in Sedion 2,1 provide aformal definition for alocd rule to be
restricted, which is enoughto capture dl the limitations in the dhoice of an aggregate that is
imposed by our classcd reference theorems, in ead of the cases.

Limiting attention to locd rules is smewhat restrictive. Many aggregation rules one can
think dof, like the Borda cunts and aher point voting rules, do nd adjust to the structure
required by this condtion. But we shall seethat a theorem on local rules is able to cover
substantial ground.



Within the redm of locd and restricted aggregators, the theorem expresses a tension
between two fedures which are esentia in the description d a rule: these ae the rule's
flexibility, and the way in which the rule distributes among agents the power to influence
its result. We say that a rule is flexible if two condtions hold: ore, that for eat pair of
aternatives, the rule's outcome is ometimes ensitive to changes in the relative positions of
these two aternatives alone; and two, that this sensitivity shoud na be condtional on the
position d any third aternative. We say that one ayent concentrates all power under arule
if only the preferences of this agent (when they are strict) determine the social aggregate.

| prove that if a preference aggregation rule is locd and restricted, then either it is nat
flexible or elseit gives al decision paver to asingleindividual.

From this theorem we can derive & corollaries al the dove mentioned clasgca results.
Providing a cmmon framework for such dsparate theorems is interesting per se. In some
cases (Arrow and Wil son), the dose mnrection was obvious from the start. Y et, the present
formulation allows for a better understanding of the role played by the Pareto condtionin
Arrow, and in particular reinforces Wil son's message that this role is quite limited. In the
case of Arrow and Gibbard-Satterthwaite, the existenceof a dose mnnedion hes been very
well understoodfor years, but claiming that both results are acoroll ary of a unique theorem
Is a stronger and novel statement. Finally, | believe that the connedion established here
between Sen'’ s result and the rest will also come & fresh news to anyone.

| do nd want to leave the reader with the impressonthat al | do hereisto forceold results
into a mmon frame for the sake of it. | already pointed ou that the theorem has content
and meaning of its own: the tensions between locdity, restriction and flexibili ty can only be
solved by an extreme distribution d dedsion paver. Moreover, this content is clealy
reflected in the structure of its proof, which follows the essentia line of two proofs of
Arrow’s and Gibbard-Satterthwaite's theorem that | had provided some twenty years ago
(Barbera, 1980, 1988, 1983). These separate proofs are now blended into a single one,
which reveals the essence of the difficulty at hand. Locd aggregation requires the
decomposition d our choice of aggregate into partia choices, ead of which must be
exclusively dependent on the relative paositions of some pair of aternatives. Although
posshly centraized among agents, decisions are decentralized in terms of the influence
exerted by different pairs of alternatives in determining which aggregates are ruled ou as
posshle candidates. Since not al combinations of characteristics for an aggregate are
jointly compatible, the fully decentralized choices of characteristics for aggregators across
different pairs of dternatives may be wntradictory. Some @nnections must be ensured
between the dhoices made for some pairs and the dhoices made by some others. It turns out
that, for any given preference profile, and as long as rules are flexible, this restricts the
ability to influence the dhoice of aggregate to a single agent. Moreover, this local
concentration d power extends to beaome global: only a single agent can make a
difference, at any preference profile (as long as this agent holds grict preferences). The
need for coordinated adion becomes extreme: only one agent can make any difference d
all!

Before | finish this Introduction, let me cmment on some related papers. The wnnedions
between Arrow's theorem and the isaue of manipulability had been remarked (see Vickrey,



1960 even before Gibbard's formulation d his cdebrated theorem. Gibbard's proof relies
on Arrow's, and establishes a mnnedion that was later stressed by Satterthwaite (1975,
Mueller and Satterthwaite (1977 and many other authors. One shoud pdnt out that the
posshility of defining a nondctatorial Arrowian Socia Welfare Function on a given
domain o preferences, or that of defining a nondctatorial strategy-proof socia choice
function onthe same domain are logicdly independent questions: there ae domains where
one of the two oljedives can be adieved and nd the other (Barbera, 1996. But the
conredion is tight for universal domains, the ones considered here, and aso for the
domains of single-peked preferences (Barbera, Gul and Stacdetti, 1993.

For universal domains, the present theorem offers a convincing explanation d why so
many paralels have been olserved between the two classcs: there is a genera statement
that covers both!

Regarding proofs, Arrow's own (Arrow 1961), which has been refined by many other
authors (see Sen, 1970,for a very nice version), relies on a caeful analysis of the global
dedsion powver of coditions: it is first observed that, under Arrow's condtions, if a
codlition is dedsive for a pair it must be dedsive for al pairs; it is then proven that if a
codlition is dedsive and can be broken into subcoaliti ons, one of these subcoaliti ons must
also be deasive; finaly, observing that the grand codliti on is dedsive dlows to prove the
theorem. In the preceding argument, decisivenessis the aili ty to determine the outcome of
aggregation at al preference profiles: a @alition is either dedsive or not. As aready
mentioned, Gibbard's (1973 early proof, and many that followed, used a @nstruct that
allowed to prove that result by indiredly appealing to Arrow's theorem. There eist many
proofs of the Gibbard-Satterthwaite theorem, using different approaches. Those by
Schmeidler and Sonrenschein (1978, Batteau, Blin and Montjardet (1981 or Barbera and
Peleg (1990) did congtitute real innowetions by the time they appeared. Recent interest on
the subjed is obvious: three simple proofs of the theorem have been pubished recently
(Benoit 2000, Sen 2001, and Reny 2001). One of them (Reny, 2001 highlights the
parall elism between the proofs of Arrow and (one of the) proofs of Gibbard-Satterthwaite.
A very recent paper by Eliaz (2001) makes the paint that both theorems are wrollaries of a
larger result. In that sense, the paper by Eliaz emphasizes, as my paper does, the fact that
there is a degper conrection between these results than just a parall €lism. Other than that,
however, the paper by Eliaz and the present paper proceed qute differently, bah in the
formal model andin the type of proof.

My strategy of proof here follows the line of my aready mentioned papers in the ealy
eighties (Barbera 1980, 1983, 1983, which were the first to exploit the role of pivotal
voters. The proof starts by considering the aility of agents to change the outcomes of the
aggregation processat agiven preference profile: it concentrates on alocd property. Then |
proceel to show that, under the cndtions of the paper, if one agent can affed the outcome
of the aggregation processat some profile, it must be aleto affed it at any profile.

The paper is organized as follows. First, | present notation, formal definitions and a
statement of the theorem in a smplified framework (Section 2. Then | discuss the
relationship between the general theorem and the dasscd results (Section 3. The theorem
is gated and proven in asimple form, which is sufficient to cover the Gibbard-Satterthwaite



theorem. It is also sufficient to cover the versions of the rest of the theorems | mention
(Arrow, Wilson, Sen) for the case where individual and society's preferences are required to
be strictt.

2. A simpleversion of the Theorem

Let N ={12,...,n} be afinite set of agents (n > 2).
Let X ={x,y,..} be afinite set of aternatives (|X| = 3).
Let A={a,,a,,..} be aset of aggregates.

2 stands for the power set of A. 4 isthe set of singletonsin 2.
D stands for the set of distinct pairs of aternatives.

Let P be the set of linear orders’ (complete, antisymmetric, transitive binary relations)
on X . Elements of Pare cdled preferences.

Elements of P" are preference profil es. Preference profil es are denated by P, P, etc.
Given apreference profile P, andany set S of aternatives, dencte by P(S) the profil e of
preferenceson S such that, for al i O N, P(S) istherestriction o i’s preference P, to the
set S. In particular, we denate by P(xy) the preference profile onthe pair x,y induced by
the profile P on X.

We say that aternatives x and y arecontiguowsin P, iff foral zO X, zO{x, y},

PX o ZPYy.
Wesay that x and y are contiguousin P iff they are contiguowsin P, foral iON.
Profiles P where two aternatives are @ntiguous play an important role in ou setup,
because they can be changed to ather profiles P° where P(xy) # P (xy) while kegping
P(zw) # P (zw) for al other pairs z,w other than x,y.

We say that P and P are xy - equivaent iff P(xy) = P'(xy). Otherwise, we say that P

and P differon x, y. Wesaythat P and P only differ onx, y if they differ on x,y, and
they are zw- equivalent for any pair z,w other than x,y. Clealy, if P and P only differ

! Sincethese theorems al'so hold when societies (as well asindividuals) are dl owed to expressindifferences,
it would beinteresting to discuss how the theorem should be extended to cover the cae of one-valued o
many-valued ranges. The same basic ideas apply, but further definitions and some deli cae distinctions must
be made (seefoatnote 4).

% Noticethat we assume preferences to be strict (no indifferences are dlowed among different alternatives, by
antisymmetry). Again, thisisfor expasitional purposes and can be relaxed.



on X, Yy, it must bethat x and y are contiguowsin the preferences of all agents, bahin P
and P'.

Wesay that P and P’ differ oni if B # B. They only differ oni iff B # P and P, # P,
for all j#i. They only differ on xy for i, if they only differ on i and they only differ on
Xy .

An aggregation rule (onthe universal domain ") isafunction

f:P" o 4
assgning asingle aggregate to each preference profil €.

An aggregation rule f is locd iff for each pair (x,y)OD, there eist functions g¥ :
P" _, 2"\, such that
f(P)=g? (P)

x y)O D,
and

(1) foreah x,yO X, P, P,

POy) =P o) - a¥ ()= 0¥ (P),
that is, g7’ isafunction d x and y'srelative positionin aprofile, for any profile.

(2) therange ry” of gf¥ consistsof two distinct sets of aggregates T, , T,% 0 A, for
al x,ydX*

Locality is a demanding requirement on aggregation rules. Locdity requires that the global
dedsion on which aggregator to aftach to any given preference profile shoud be
deacomposable into partial decisions, ore for ead pair of alternatives, depending only on
the ranking of this pair of alternatives in the profile’. Each partial dedsion attached to ore

% Noticethat we model the function as choosing a singleton set in 4, rather than an alternative in A. Thisisto
keegp asformal as possble.
* We muld relax this scond requirement to cover several additional interesting cases. In particular, we culd

allow for the image of some g’ 'sto consist of asingle value. This would give us room to include the

constant functions (and athers) among the locd. We could also all ow for more than two setsin the range. This
would extend the read of the theorem’s applications to cover, among others, the cae of Arrowian
aggregation when social preferences can expressindifference between pairs of aternatives. And it would
reguire a caeful (but easy) modification of the way to define restricted aggregators. | have dhosen to keep this
somewhat restrictive requirement (2) for expaositional clarity.

® Of course, thisis extremely close to the ideathat the aggregation rule satisfies Arrow's | ndependence of
Irrelevant Alternatives. But | prefer to refer to it by another term because (1) it appliesto alarger context, and
(2) it implies the description of aggregation as the intersedion of sets, which is neither necessary nor implied
by Arrow's formulation.



pair of alternativesis a set of aggregators, and the global dedsion is the unique aggregator
belonging to all of the sets sleded, for each pair of aternatives, given the preference

profile. Locdity also requires that the set of aggregators g7 (P(xy)) associated to each xy

- par a profile P shoud orly depend on the relative ranking of x and y in the
preferences of the agents, at that profile. Finally, the range of the partial decision functions
g? ()Y isrestricted to alimited number of values. In our present formulation, the ranges of

these functions are restricted to be dichotomic.

The rules g7 asociated to a local aggregation rule f are caled f's partia seledion

rules. For any P, g7 (P) iseither T,¥ or T,¥. We denote by [g}‘y(P)]comIO the dement in

therange of gy whichisnot chosenat P.

Before we procedl, let us se how this formulation applies to the frameworks of other
clasgcd results.

Consider the simple version d Arrow’ s theorem where the preferences of agents, aswell as
the preferences for society (the aggregates) are required to be linea orders. First notice that
under the sssumption d Independence of Irrelevant Alternatives, the social order between
any two alternatives x,y, a any preference profile P, will be determined ony by the

ranking of x and y in the preferences of individuals a P. Hence given a preference
profile and two aternatives, x,y, ore of the two pcsshilities“ x preferredto y” or “ y
preferred to x” will be excluded. The set of al orders of aternatives ranking x and y in

the norexcluded pasition will be the image of the function g (P) for each P. Indeed, the

image f(P) will be the order respeding the norexcluded pasitions for al pairs. Hence, it
is clea that any I1A socia welfare function can be written as alocd aggregation function,
where the aggregate is the intersedion d sets of nonexcluded orders; a similar reasoning
appliesin the framework considered by Wil son.

The analysis of strategy proof rules as locd aggregators builds on two essential remarks.
Oneisthat, when al agents agree that all aternativesinaset S are preferred by all agents
to al aternativesin X \' S, then a strategy-proof socia choice function must chocse from
S. (I asume here that the set of aternatives equals the range of a strategy-proof social
choicefunction. If nat, drop the dternatives nat in the range and start again, with nolossof
generdity). This implies, in particular, unanimity: an aternative must be dchosen if it is
unanimously considered to be the best by al agents. The second remark is that, if an
aternative x is chosen when x and y are the best two alternatives for al agents, then y
canna be dhosen at any preference profile where the order of these two aternatives is
preserved. Building on these two remarks, naice that the outcome & each profile can be
written in the form demanded by alocal aggregate. For each given profile P, and ead pair
X, Y, determine which one of the two alternatives is definitely a non-candidate to be the

aggregate & this profile. For this, check which ore of the two aternatives would na be



eleded at the profile P(xy) ohbtained from P and where, ceteris paribus, x and y bemme
the top two alternatives from all agents.

Now, any strategy-proof social choice function can be written as a local aggregation
function, where for ead pair of alternatives x,y, either theset X \x ortheset Y\y are
retained (the one not containing the dternative which is eliminated by pairwise
comparisons). The aggregate arrespondng to each profile must clealy be expressed as the
intersedion d all the sets of non-excluded aternatives, for eat pairwise comparison.

Having ill ustrated the basic fedures of loca aggregation rules, let us now go back to study
some further requirements.

Given alocd aggregationrule f , andaset of pairs D O D define

G(P.D)= ) g7 (P).

(x,y)oD

We can interpret G(P,D) as the set of aggregates which are not excluded onthe basis of
the oomparisons of pairsin D . Clealy, with thisnotation, G(P, D ) = f(P), fordl P.

Wesay that f isxy-sensitiveat P iff
xy comp
f(P)=G(P, D) 2G(P, D\(x,y)) n [a? (P™.

Thus, f isxy- sensitive & P if a dhange in the value of the xy - partial seledion would
change the value of the global seledion o aggregate.

The nation d sensitivity is introduced because it is not aways the cae that the dnange in
one of the partia dedsions associated to one pair of aternatives can change the global
outcome. This depends on the type of aggregate we consider. Since we want to cover
different types of aggregates, and provide aresult that is independent of the type of
aggregate under consideration, we canna be more spedfic on the cnrections between
changes in the partial dedsions and eventual changes in the aggregate. In Arrow's
framework, where each pertial dedsion cetermines the ranking of a pair of aternatives
within the overall ranking d alternatives, any change in ore partial dedsion is transated
into a dnange in the aggregate. Yet, in Gibbard's framework, the same is not true. Starting
from some preference profil e, you may change the partial recommendation ona pair X, v,
and yet see athird alternative z be dected before and after the dhange: the aygregation rule
would na then be xy-sensitive & that profil e.

We say that f is restricted iff, for al x,y,z0O X, and al profiles P where f is xy -
sensitive and yz - sensitive, there exist sets T and T/ in the range of g’ and gi* for
which



G(P, D\(Xy) (Y, Z))nT¥ nT* 0 A

Let us again go back to examples. In Arrow's framework, for each function g¥’, the range
consists of two pasgble outcomes, eath of which is a set of orders: the orders with x over
y, onthe one hand, and the orders with y over x, onthe other. The fad that aggregates

must be orders implies that our aggregation function must be restricted: indeed, take any
profile and any triple x, y, z. If a theinitial profile P we have x over y, then the set of

orders with x over y appears in the intersection d values defining the aggregate & P.
Then, the set of orders with y over z, and the set of orders with z over x, bah in the

rangesof g}* and g7*, respedively, will have an empty intersection with the rest of sets of

orders defining the value of f at P. Likewise, if at P we had that y stood owr x, then
the dhoices of sets of orders with x over z and z over y would have led to the enpty
intersedion required by restriction.

Thus, the condtion cdled restriction in ou general theorem corresponds in Arrow’s
theorem to the requirement of transitivity of the social aggregate.

The socia choice functions in Gibbard-Satterthwaite ae dso restricted locd aggregators:
indeed, for eat pair of aternatives, the ranges of the functions g consist of two well-

defined sets: al alternatives except x and all aternatives except y. Notice that, for any
triple x, y, z of aternatives, and any profile P where f is xy-sensitive and aso yz-
sensitive, the intersedion d al the partial seledionsat P, other than those for xy and yz,

must contain x, y and z. But then, the choiceof X \y from the range of g7, couded

with the choiceof X \y, aswell, from the range of g}*, would leave us with bah x and

z inthe overal i ntersection. Since only singletons, na two-element sets of aggregates, can
be in the range of f , we have identified a restriction to be satisfied by the socia choice

functions considered in the Gibbard-Satterthwaite setup.

Hence aruleisrestricted if not al partial choices for different pairs are compatible with an
aaceptable global choice, when these partia choices do make adifference. A restricted
locd aggregation rule is thus one for which the choices of the different sets of aggregates
asociated to each pair of aternatives is not completely free: some @mbinations of
potential choices would na be @le to produce any aggregate & all. Hence, some
coordination among partial outcomes will be necessary in order to oltain ore and orly one
aggregator for ead particular profile.

Wesay that f isflexibleiff for ead triple of aternatives x,y,z0 A, thereis ome profile

P at which
(1) x and y are @mntiguowsin P,andsoare y and z,

(2) f is xy - sensitive andalso yz- sensitivein P.

10



Flexibility encompasses two requirements. One is that, for each pair of aternatives, their
relative paosition aone can sometime make a difference. The other, complementary
requirement, is that the relative position d no pair can avoid the posshili ty that some other
pair also playsarolein determining the outcome of f .

In Arrow's framework, flexibility is an implicaion d the Pareto axiom. In Gibbard's and
Satterthwaite's, it is a onsequence of unanimity, which in turn is implied by strategy-
proofness

Agent i concentrates all power under rule f iff, for al preference profiles P, P and all
pairs x, y,

[P oy) =P 0w)| = a?(P) =g (P).

Notice that, then, we can write each partial function as g7 (P), and that then f can be
writtenas f(R),foral P.

Also ndicethat a dictator (with strict preferences) concentrates all power, bu that an anti-
dictator also daes, and so do any agents whaose preferences are the only relevant inpus to
determine the outcome of an aggregation rule.

Theorem

If an aggregation rule is locd, flexible and restricted, then there is a single agent i who
concentrates all the power under f .

Proof

Let f belocd, flexible and restricted. We first provide some useful definitions.

We say that agent i is pivotal at preference profile P iff OP suchthat P and P only
differ in i and such that f (P) # f(P). (Clealy, if agent i is pivotal a P, he is aso
pivota a P'.) If, inaddtion, f is xy - sensitive & P, we will say that i isxy - pivotal at
P . (Clealy, then i will aso be xy - pivotal at P'.)

Remark

Remark that if P and P only differ in xy for agent i, and f is xy - senstive & P (and
P),theni is xy - pivotal a P (andP").

The proof is organized through a sequence of simple Lemmeas.

11



Lemma 1

There caana be any profile P at which two different agents i and j are xy - pivotal and
yz - pivotal, respedively, with x and y contiguows in contiguous P and y and z
contiguowsin P;.

d O
Proof Suppcse there was, and that Pi, P; were the preferences (with x and y contiguous

g O 0 a
in Pi, andy and z contiguows in Pj) such that f(P,;,Pi)# f(P), f(P.;,Pj)# f(P).

— —j!

0 g o d
Then, we can writetheimages f (P), f(P,,Pi), f(P,;,Pj), f(P,,Pi,Pj) as
G(P, D\(X,y) (Y, Z))nT¥ nTY,
for al possble choicesof T, intherangeof g7 and T)” in therange of g}*. Hence one

of these four pasgble outcomes canna be an aggregate, because f isrestricted.
Lemma 2

If i is xy - pivotal at profile P, P* only differsfrom P in j'sranking of (Z,w)# (X, y)
and f(P)=f(P),theni is dill pivotal at P .

Proof Just noticethat, since f (P) = f (P') andi isxy - pivotal , it must be that
G(P,D\(x,y)) =G(P,D\(x,y)).

Lemma 3

Thereis an agent who concentrates al power uncer rule f .

Proof Fixany x,y,zO X . Since f isflexible, OP such that
(1) xy are mntiguouws, and so are yz
(2) f is xy-sendsitive andaso yz- effedive & P.

But this implies that P such that al of the &owve hold, some i is xy- pivotal and
P(rs) = P (rs) foral {r,s)# (X, y).

Now, there must also be P" such that P'(rs) = P'(rs) for al (r,s)#(y,z), and such that
some | is yz- pivota a . If this was the cae for some j #i, then wed get a
contradiction, by Lemma 1. But this means that, since f is yz- senstive & P, that
g7 (P) can orly change valueswhen P, (yz) does.

12



Notice that our choice of x,y and z was arbitrary. Hence, for any pair (r,s), it must be
the casethat g°(P) isonly afunction d P..

3. Some applicationsand corollaries

In what follows, | present a sketchy discusson d why the new theorem does indead cover
the setups for which dfferent results were initially formulated, and hov the particular
condtions under which the dasdcd theorems hold are particular versions of thase imposed
here.

3.1. Arr ow'sframework and Theorem

We have dready discussed why Arrowian Social Welfare functions are locd and restricted.
Notice now that the Pareto condtion imposed by Arrow implies flexibility. Indeed, for
profiles where dl agents agree that x is preferred to y, x must be preferred to y socidly,
and the reverse must hold when all agentsrank y over x. By changing the preferences one
by one, reversing the order of x and y, starting from a profile where x and y are
contiguous and all agents prefer x to y, and moving to ore where they al prefer y to x,
it must be that one agent is xy-pivotal at some of the profilesin this squence This can be
dore for other pairs yz . Moreover, xy-pivotality and yz-pivotality can be preserved in
profiles where the condtions of flexibility do hdd.

It is thus obvious that an Arrowian socia welfare function must be alocd, restricted and
flexible aygregator: hence al the dedsion pover must be cncentrated in an agent.
Moreover, again by Pareto, this agent obtains theranking x over y whenever he prefers x

to y: thisisthe dictator.

3.2. Wilson’ stheorem

The initia framework is the same & Arrow’s:. I1A implies locdity and transitivity implies
that the aggregation functionis restricted.

Unlike in Arrow’s formulation, flexibility does not come from Pareto, bu from the range
condtion requiring that x shoud be ranked above y for some profile, and kelow y for

some other. The same @nstruction as before, bu having as extremes two such profil es with
x and y contiguous, shows the existence of xy-pivots for al pairs. Hence, ore agent

always concentrates all dedsion paver: but this agent may be getting always the same
order among pairs of alternatives that he expresses, or the reverse. Because Pareto does not
necessarily apply, the individual who concentrates the power may be adictator or an anti-
dictator. Other combinations, where the agent might be adictator over some pairs, and an
anti-dictator over other pairs are excluded by restriction. For example, if some pairs were
ordered according to the preferences of one agent and ahers in the oppasite diredion than
the preferences of the same agent, this could easily lead to cycles.
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On the other hand, we may consider the cnstant function as an example of an aggregation
rule which satisfies all of our conditions except for flexibili ty and locdity®. Thisis the other
type of aggregator obtained by Wil son, again violating the Pareto condtion.

3.3.Sen’simpossbility of a Paretian liberal

The esential remark regarding Sen’s result is that, it postulates explicitly as desiderata the
two condtions which are stated by our theorem to be incompatible under locd and
restricted rules. One of them is the Pareto condtion: we have drealy seen that this
condtion, for auniversal domain of preferences, implies that the aggregation function must
be flexible. The other condtion imposed by Sen is that at least two agents must be ale to
determine the strict ranking of two aternatives each (these two alternatives describe social
states which are identicd except for some features over which the agent in question is
entitled to have full control. This is the @wndtion d (minimal) liberalism, a cndtion
which is in open contradiction with the posshbility of one agent hading al the dedsion
power under an aggregationrule.

Since Sen requires two condtions which are incompatible for any locd and restricted rule,
it is enouwgh for us to argue that he is considering, in his theorem, rules that can be written
as members of this class No explicit argument is provided by Sen regarding the general
structure of the functions he considers: hence, some daracteristics of these functions for
some speda profiles might escape the description (and hence the full force) of our
theorem. But remember that the theorem contains two statements: one is abou the
impossbility of allocaing pvota rights to more than ore individual at the same profile
(thelocd asped, step ore of the proaf), and the other isthe extension d thislocd argument
to a global one. We only nedl the local result to understand Sen’s imposshbili ty. When it
applies, the Pareto principle dlows us to ascertain that the aggregate must be anong the
classof binary relations respeding the agents' unanimous ranking of a pair. Likewise, the
rankings of pairs associated to the private domain of an agent depend ory (by the
asumption d minimal li beralism) on the interested agent’s ranking of these pairs. Hence,
the aggregate for profiles where Pareto applies and agents have strict preferences over the
pairs of their exclusive @wncern must be in the intersedion d those sets of aggregates
respeding the @ove @ndtions, as in a local aggregation rule. Now, the aggregate is
required by Sen to be a1 acyclic rule, and this impaoses a restriction onthe coice of
aggregates, which canna be respeded at profil es where Pareto applies and bah agents with
rights can exert them.

3.4.The Gibbar d-Satterthwaite theorem
We have dready discussed why a strategy-proof social choice function is a locd and

restricted aggregator. Moreover, flexibility is guaranteed by strategy-proofness as a
consequence of the fad that strategy-proof social choice functions must satisfy the Pareto

® |f we had chosen to use amore general definition of locdity as discussed in footnote 4, then the @mnstant
function could be acommodated among the locd ones, whil e still violating flexibili ty.
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condtion onthe range (and ou assumption that at least three dternatives are in the range,
which is in turn identified with the set of aggregates). We can now refer to the genera
theorem to oltain dctatorship.
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